We first establish some existence results concerning approximate coincidence point properties and approximate fixed point properties for various types of nonlinear contractive maps in the setting of cone metric spaces and general metric spaces. From these results, we present some new coincidence point and fixed point theorems which generalize Berinde-Berinde's fixed point theorem, Mizoguchi-Takahashi's fixed point theorem, and some well-known results in the literature.
Introduction
Let X, d be a metric space. For each x ∈ X and A ⊆ X, let d x, A inf y∈A d x, y . Denote by N X the class of all nonempty subsets of X, C X the collection of all nonempty closed subsets of X, and CB X the family of all nonempty closed and bounded subsets of X. A function H : CB X × CB X → 0, ∞ defined by is said to be the Hausdorff metric on CB X induced by the metric d on X. Let T : X → N X be a multivalued map. A point x in X is a fixed point of T if x ∈ Tx. The set of fixed points of T is denoted by F T . Let g : X → X be a single-valued self-map and T : X → N X be a multivalued map. A point x in X is said to be a coincidence point see, for instance, 1, 2 of g and T if gx ∈ Tx. The set of coincidence point of g and T is denoted by COP g, T .
Throughout this paper, we denote by N and R the sets of positive integers and real numbers, respectively. It is obvious that if ϕ : 0, ∞ → 0, 1 is a nondecreasing function or a nonincreasing function, then ϕ is an MT-function. So the set of MT-functions is a rich class.
Very recently, Du 7 first proved some characterizations of MT-functions.
Theorem D see 7 . Let ϕ : 0, ∞ → 0, 1 be a function. Then, the following statements are equivalent.
a ϕ is an MT-function. g ϕ is a function of contractive factor [5] ; that is, for any strictly decreasing sequence {x n } n∈N in 0, ∞ , we have 0 ≤ sup n∈N ϕ x n < 1.
It is worth to mention that there exist functions which are not MT-functions. For example, let ϕ : 0, ∞ → 0, 1 be defined by ϕ t :
0, otherwise.
1.4
Since lim sup s → 0 ϕ s 1, ϕ is not an MT-function. 
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1.12
A vector-valued function p : X × X → Y is said to be a TV S-cone metric, if the following conditions hold:
C1 θ K p x, y for all x, y ∈ X and p x, y θ if and only if x y,
The pair X, p is then called a TVS-cone metric space.
In this paper, we first establish some existence results concerning approximate coincidence point property and approximate fixed point property for various types of nonlinear contractive maps in the setting of cone metric spaces and general metric spaces. From these results, we present some new coincidence point and fixed point theorems which generalize Berinde-Berinde's fixed point theorem and Mizoguchi-Takahashi's fixed point theorem. Our results generalize and improve some recent results in 1-6, 10-19 and references therein.
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Preliminaries
Let E be a topological vector space t.v.s. for short with its zero vector θ E . A nonempty subset
For a given proper, pointed, and convex cone K in E, we can define a partial ordering K with respect to K by
2.1
x ≺ K y will stand for x K y and x / y, while x K y will stand for y − x ∈ int K, where int K denotes the interior of K.
In the following, unless otherwise specified, we always assume that Y is a locally convex Hausdorff t.v.s. with its zero vector θ, K is a proper, closed, convex, and pointed cone in Y with int K / ∅, K is a partial ordering with respect to K and e ∈ int K is fixed.
Recall that the nonlinear scalarization function ξ e : Y → R is defined by
Theorem 2.1 see 6, 17, 20, 21 . For each r ∈ R and y ∈ Y , the following statements are satisfied: 
x, y ≥ 0}, and e 1, 1 . Then K is a proper, closed, convex, and pointed cone in Y with int K { x, y ∈ R 2 : x, y > 0} / ∅ and e ∈ int K. For r 1, it is easy to see that y 1 10, −30 / ∈ re − int K, and y 2 0, 0 ∈ re − int K. By applying iii and iv of Theorem 2.1, we have ξ e y 2 < 1 ≤ ξ e y 1 while y 1 / ∈ y 2 K.
Definition 2.2 see 17 . Let X, p be a TVS-cone metric space, x ∈ X, and {x n } n∈N a sequence in X.
i {x n } is said to TVS-cone converge to x if, for every c ∈ Y with θ K c, there exists a natural number N 0 such that p x n , x K c for all n ≥ N 0 . We denote this by conelim n → ∞ x n x or x n cone → x as n → ∞ and call x the TVS-cone limit of {x n }.
ii {x n } is said to be a TVS-cone Cauchy sequence if, for every c ∈ Y with θ K c, there is a natural number N 0 such that p x n , x m K c for all n, m ≥ N 0 . iii X, p is said to be TVS-cone complete if every TVS-cone Cauchy sequence in X is TVS-cone convergent in X. 
Then, X, p is a TVS-cone complete metric space and
So d p is a metric on X and X, d p is a complete metric space. or, equivalently, for any > 0, there exists x ∈ X such that
where B x, r denotes a closed ball of radius r centered at x. It is known that every generalized multivalued almost contraction in a metric space X, d has the approximate fixed point property see 1, Lemma 2.2 .
Remark 2.6.
It is obvious that F T / ∅ implies that T has the approximate fixed point property. 
2.9
It is known that every generalized multivalued almost g-contraction in a metric space X, d has the approximate coincidence point property provided each Tx is g-invariant i.e., g Tx ⊆ Tx for each x ∈ X see 1, Theorem 2.7 .
Main Results
For any locally convex Hausdorff t.v.s. Y with its zero vector θ, let τ denote the topology of Y and let U τ be the base at θ consisting of all absolutely convex neighborhood of θ. Let
Then, L is a family of seminorms on Y . For each ∈ L, put
and denote
3.3
Then, U L is a base at θ and the topology Γ L generated by U L is the weakest topology for Y such that all seminorms in L are continuous and τ Γ L . Moreover, given any neighborhood O θ of θ, there exists U ∈ U L such that θ ∈ U ⊂ O θ ; for more detail, we refer the reader to 23, Theorem 12.4 in II.12, Page 113 . The following lemmas are very crucial to our main results.
Lemma 3.1.
Let O θ be a neighborhood of θ, ω ∈ K, and {α n } ⊂ 0, ∞ with lim n → ∞ α n 0. Suppose that U ∈ U L satisfies θ ∈ U ⊂ O θ , then there exists n 0 ∈ N, such that ±α n ω ∈ U for all n ≥ n 0 .
Proof . Clearly, if ω θ, then ±α n ω θ ∈ U for all n ∈ N, and we are done.
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3.5
We need consider two possible cases. Case 2. If ρ > 0, since lim n → ∞ α n 0, there exists n 0 ∈ N such that α n < δ/ρ for all n ≥ n 0 . So, for each i ∈ {1, 2, . . . , s} and any n ≥ n 0 , we obtain
3.7
Hence, by Cases 1 and 2, we get that, for any n ≥ n 0 , ±α n ω ∈ r i V i for all 1 ≤ i ≤ s. Therefore, ±α n ω ∈ U for all n ≥ n 0 . Lemma 3.2 see 24, Lemma 2.5 . Let E be a t.v.s., K a convex cone with int K / ∅ in E, and a, b, c ∈ E. Then, the following statements hold.
In this section, we first establish an existence theorem related to approximate coincidence point property for maps in TVS-cone complete metric space which is one of the main results of this paper. It will have many applications to study metric fixed point theory.
It is worth observing that the following existence theorem does not require the TVScone completeness assumption on TVS-cone metric space X, p . By induction, we can obtain a sequence {x n } in X satisfying the following: for each n ∈ N,
x n 1 ∈ Tx n , p hx n 1 , hx n 2 K μ d p hx n , hx n 1 p hx n , hx n 1 .
3.12
Applying v and vi of Theorem 2.1, the inequality 3.12 implies 
3.13
Since μ t < 1 for all t ∈ 0, ∞ , the sequence {d p hx n , hx n 1 } n∈N is strictly decreasing in 0, ∞ . Since μ is an MT-function, by g of Theorem D,
Let λ : sup n∈N μ d p hx n , hx n 1 . So λ ∈ 0, 1 . From 3.12 , we get p hx n 1 , hx n 2 K μ d p hx n , hx n 1 p hx n , hx n 1 K λp hx n , hx n 1 .
3.15
It follows from 3.15 that
Let z n : hx n , n ∈ N. Applying v and vi of Theorem 2.1, the inequality 3.16 implies
Since λ ∈ 0, 1 , by 3.17 , we have lim n → ∞ d p z n , z n 1 0. By 3.12 and D2 , we obtain z n 1 hx n 1 ∈ Tx n , n ∈ N. It implies that
3.18
Since d p z n , z n 1 → 0 as n → ∞, it follows from 3.18 that inf x∈X d p hx, T x 0 and the conclusion a is proved.
To see b , it suffices to prove that {z n } is a TVS-cone Cauchy sequence in X, p . For m, n ∈ N with m > n, it follows from 3.16 that
Given c ∈ Y with θ K c i.e, c ∈ int
Let ω p z 1 , z 2 and α n λ n−1 / 1 − λ , n ∈ N. Since λ ∈ 0, 1 , we have {α n } ⊂ 0, ∞ and lim n → ∞ α n 0. Applying Lemma 3.1, there exists n 0 ∈ N, such that −α n ω ∈ U c for all n ≥ n 0 . So, by 3.20 , we obtain
for all n ≥ n 0 . For m, n ∈ N with m > n ≥ n 0 , since p z n , z m K α n ω from 3.19 and α n ω K c, it follows from Lemma 3.2 that p z m , z n K c.
3.23
Hence, we prove that {z n } is a TVS-cone Cauchy sequence in X, p . The proof is completed. Proof. Let h ≡ id be the identity map on X. Then, the conditions D1 and D2 as in Theorem 3.3 hold. Following the same argument as in the proof of Theorem 3.3, we obtain two sequences {x n } and {z n } in X such that i x n 1 ∈ Tx n , z n hx n and z n 1 ∈ Tx n for each n ∈ N,
Since h ≡ id, {x n } and {z n } are identical, we have lim New, we establish the following approximate coincidence point property for maps in general metric spaces by applying Theorem 3.3. Then, h and T have the approximate coincidence point property on X.
Proof . In Theorem 3.3, let Y R, K 0, ∞ ⊂ R, and e 1. Therefore, the conclusion is immediate from Theorem 3.3.
The following approximate fixed point property for maps is immediate from Theorem 3.4. which shows that A3 holds. Therefore, the conclusion follows from Theorem 3.6. L2 G { hx, y ∈ X × X : x ∈ X, y ∈ Tx} is a d p -closed subset of X × X.
Then, the following statements hold.
